Calculus Concept Collection - Chapter 9

Sequences, Their Limits and Convergence

Answers

1. 9,11,1315,17; a,,=27.
111 1
2. =52 ag=——.
2 48 256
3. 1,3,6,10; a,,=210.
4 a, =(-1"2
5. a,=n(n+5)
6. a - n(n+3)
2
7. convergent; Limit is ()
8. convergent; Limit is 6
9. No limit exists.
10. divergent
11. convergent; Limit is (J
12. No limit exists.

13. No limit exists.
14. convergent; Limit is (J

15. By definition of absolute value, = |@n |, Then take limits of all three terms:

lim (—1|a,|) < lm a, < lm |0,
n—Laa n—Loa n—Laa

_|ﬂ:|| E ity

m @, < lim_ |1y, |

— lim (|a,|) <
o0 —r0 M—r—30

n—r

0< lim a, <0



Sequences: Limit Tools for Determining Convergence

Answers
. 8 . 8 . |n(8%) . i|n(3n) 0
1. converges, lim&Y3n=1: lim&3n=1Ilime = lime?®n =e =1
n— n—o0 n—o0 n—co
. . In(3n .
(Use L'Hopital’s rule: lim In(3n) = lim _3 =0).
n—»wo  8n n—w 3N[8n
3n? -5 6N

2. converges, lim————=1im

=3 (Using L'Hopital’s rule
nson?—5n+2 nox2n-5 ( 9 P )

.. n .1
3. converges, lim— = lim— =0 (Using L'Hopital’s rule)

n—o @ n—o @
. In(n .1
4. converges, lim (2) =lim — =0 (Using L'Hopital’s rule)
n—w | n—w N

b an a |n[1—9)
177) lim n

b an b an |n(
5. converges, lim (1——j =e®: [im (1——) =lime ' "V =gn» Un  _gd®
n—o0 n n—o n n—o
b
aln (1— LD% ab
1] H 7 H n H - H
(Use L'Hopital’s rule: lim ————==1Iim 1-b/n n” _ lim—-—-=ab)
n—o n n»o —-1/n n—>oo1_9
n
6. converges, lim ——=0: Use L'Hopital Rule or Squeeze Theorem,
n—on® +1
. ..n
O<lim——<Ilim—=0
noon“+1 n-oon
. _cosn
7. converges, lim——=0: Use Squeeze Theorem
n—wo N
. 1 ._cosn . (1 .__cosn
lim (——js lim < lim [—j:Os lim——<0
n—oo n n—o N n—o\ N n—»o N
._sinn
8. converges, lim——=0: Use Squeeze Theorem
n—-o N
. 1 .sinn_ .. (1 . sinn
Ilm(——jg lim——< Ilm(—jzog lim——<0
n—oo n n—»o N n—o\ N n—»o N

.7 7 T .7
9. converges, lim—=0: 0<Ilim—<Ilim—=0<Ilim—<0
n—o Nl n—>onl nowon n—wo Nl

2 2 2
10. diverges, lim n 1 : lim no_t = lim n —lim L =0—-0=00
nsol N+1 N+1) noe{n+l n+l) now{n+l) nse\n+1



11.

12.

13.

14.

15.

In(+7) ;- Inn+7) @m0+ o

diverges, lim

=— =00 ,
Ne—sc0 n1/n N—>c0 n]Jn lim r]1/n 1
n—oo
1 1 1
1 =Inn . . =Inn . )
1/n 2
y=n"=Inhy==Inn=y=e" = limy=Ilime" =Ilime "™ =1.
n n—o n—o n—o
3,12
. . N°+n°—-n+1 . 2n
diverges, |Im2—)=|lm n+1—2—) =
n—>e0 n°+1 n—>o0 n-+1
L2 L2
.sIn“n _ .sinn .. 1
converges, lim =0: Using the Squeeze Theorem 0< lim <lim—=0.
nowo 3 nswo 3N n—o 3"

n—o0

Iim(3—ij(2+ij= Iim[S—i)]Iim(2+ij=3]2: 6
n—w 3" 2" n—w 3" ) now on

. (11 8
converges, lim | ——— [=0:

n—>+oo\ N n2

lim (E—%jzllﬂlim (EJ—SDIim (%]:11[0—8[0:0.
n—>+o\ N n n—>+o\ N n—+wo\ N

converges, lim (3—3%)(2+2in} =6:



Introduction to Infinite Series

Answers
3 - w31\ o 1Y
1. 2=03=) —|=| =) 3=
9 ;10(10) nZ (10]
0 k-1
2 i:o_gz i(i}
11 = 1001 100

1 n-1 © 1 n
3. 0.037= E 0.037] —— = E 37 ——
— 1000 — 1000

4, 01573= Zﬁm—“(”—n - 21.573DL0—4”+3
~/10000

_(n=1)(n+4)

5. 0.12012001200012....=0.12ELOO+O.12ELO‘3+0.12I10‘7+O.1ZDLO‘12...:ZO.12ELO 2

n=1

o0

6. —7-3+1+5+9+...= Z[—? +4(n—1)]; positive/negative term arithmetic series with
n=.

t=-7,d=4.

o k-1

7. Z(—j ; positive term geometric series with a=1, r = E
k=1 5 >
x 3

8. Zm, pos/neg term series (1 negative term).

9.2

10. Z% ; positive term series.
k=1

o0

4k+2 4k -1 x 4
243 264( ] ; positive term geometric series with a=64, r = 3

S, =3, szzg, S, =4

n-1
11. ZS(—%} ; pos/neg term (alternating) geometric series with a=5, r=—=

1—r" 15

5
. Sl =5, SZ :E’ 83 :Z .




12. Z(—13+3(n —1)); positive/negative term arithmetic series with t, =-13, d =3 .
n=1

n{2t, +d(n-1
Sn — [ 1 ( )] . 31=—13, 82:—23, 83 =—30 .

- - n(n+1) 2 T
13. Zi3; positive term series where Zi3 :{T} = Zi :

i=1 i=1

n 2

i=1

w o
14. E — ; positive term harmonic series.
n

n=1

21 77
S,=7,8,="-,S;=—
1 2 2 3 6

15. E 3—8 ; positive term p-series with p=2 .
n
n=1

s, =30, 52=7—25, s\,;%



Determining Convergence or Divergence of an Infinite
Series

Answers

1. 3+3 +%+%+... converges because it is a geometric series with —1<r = i <1l.
10 10 10 10

It converges to SZ%ziziZE

© -1
2 Z(g] converges because it is a geometric series with —1<r = g <1.

It convergesto S = 2 _ 1 = 1 =25
1-r 1-06 04

+0 k-1
3. (—gj converges because it is a geometric series with —1<r = —% <1.
k=1
It converges to S = _a 1 = 3
1-r 1+2/3 5

4 Z R diverges because the nth term divergence test yields

3

lim =1+0

35 Kom1_5/K

k+2
Z :k =) 243( J converges because it is a geometric series with —1<r = g <1.

3
It converges to S = a 47 _b4% 576 =115.2.

1-r 1-4/9 5 5)




® i-1
6. 7 +Z+812+813+...+l+...: Z?(gj converges because it is a geometric series

i1
8 8 i=1
. 1
with =1<r :§<1 .

It converges to S _a __f
1-r 1-1/8 7

~+00
7. Z9k‘1 diverges because it is a geometric series with r=9>1 .
k=1

3 3 3 3(-1)* S 30 1)t . .
8. o=ttt = E - == converges because it is a geometric
4 4 4 4 4\ 4

k=1
series with —1<r = —1 <1.

-3/4 3

It converges to S = —— = =
1-r 1+1/4 5

®© n-1
9.3+2+ g + g .= 23(5) converges because it is a geometric series with

n=

—1<r:g<1 .
3
It converges to s:i: 3 =9
1-r 1-2/3
5 25 125 - 5\
10 2+———+—+...= E 2| —— diverges because it is a geometric series with
2 8 32 4
k=1
r=—§<—1 .

4

o on . .
11. E P diverges because the nth term divergence test yields
n+
n=1

lim " —lim—*  —1.0.
nsonN+7 nowl45/n




2n

. n+1 . 1+1/n 1
lim =lim =
nso2N—3 n>x2-3/n 2

12. Z n +13 diverges because the nth term divergence test yields
n=1

13. ZQ/I:_’ = 231’” diverges because the nth term divergence test yields
=1 n=1
lim3""=3"=120

N—o0

14. Z3sin(x)k‘1 has the form of a geometric series with a =3, r =sin(x) . Convergence
k=1

requires that | r =sin(x) <1|, which means x = i(2n—1)%, n=123.. .

a 3

For acceptable values of X, the series convergesto S = = - .
1-r 1-sin(x)

o k-1
15. 0.99999999....= ZOQ(%) is @ geometric which converges to
=1

a 09 09

S:—:—:—:l

1-r 1-01 0.9



Some Properties of Infinite Series

Answers
1. 3 diverges by the nth term divergence test: lim 3 = lim 3 =3
— n+4 nooN+4 noxl+4/n
x AL X —\N ® n-1 . _ n-1
2. ZM converges with sum 2 : ZM = ZE(EJ +Z—4(—4j
5" 9 5" 515 515
n=1 n=1 n=1 n=1

two convergent geometric series.

w

. Z% diverges by the nth term divergence test.
n=1

o0
3n. .
4. — Is a convergent p-series.
n
=1

U

0 2 n-1 2
. E n2+ 2 +5(lj diverges: it is the sum of a divergent series ( lim n2+ 2 =1) and
| n +1 2 n—o N +1

a convergent geometric series.

o0

Zn2+3n+2 n+3n+2 1

o

diverges: lim ==,
4n® +1 9 e anl+1 4

S 2 o™ . 2 21(1Y .
7. E —+7 = converges with sum —+—| = | : sum of a convergent p-series
n 3 3 213
n=1
[ 2 2 gt
and a convergent geometric series. E {—2} = ZD% = ?and
n

n=1

BNDIOIONE 6

n=1 n=1



k-1
8. {(—éj +FJ converges with sum —2—3;) : sum of two convergent geometric

o~ ( z)k—l 1 = 2( 2}“ 1[1)“ 2
series. -—| +to7 =Z —|—-= +=|= =——4
|\ 3 5 3\ 3 55 5

k=1

__3

1
4 20

o 4 2 . o
0. Z(_—_g_kJ converges with sum 3: sum of two convergent geometric series.

10. Z— -5 Z Z——(4 1)= 42——(4 1)= 4%-5_%_5

n O 3(k+1-7) O 3(k-6) O 3k-18
Zn+4 k+(1-7)+4 (k—6)+4 k-2
k=7 k=7 k=7

n-1 ®
12. 22 .
(n +l)!

o0

1

2n
n=1

13. a. the even summands of Zl :
n

[>e}

b. the odd summands of ZE : Z 1
— n — 2n+1

© 2 1 n+3 © 2 1 k+(1-10)+3 ® 2 1 k—6
H ;{?”&j };{(kﬂ—mf +7(§j }Z{(k-g)z +7(§) }

k=10

0

5 Z”:n2+3n+2 (k+5-1)2+3(k+5-1)+2 O (k+4)> +3(k+4)+2

aniil Ak+5-1)7 1 Ak +4)2 +1

T
N

k=1



Positive term series: the Integral Test

Answers

1. Maria is correct that the series converges. She made an error by saying that the value of
the related integral gives the sum of the infinite series. However,

— * ® 2 2
i2=3+§+§+... is greater than 3: Ziz=3zi2=?ﬂ”—=”—.
e (k) 4 9 k%) &K 6 2

2. Z% diverges: f(x) :% is continuous, positive, and decreasing (
n —

n=3
5
f'(xX)=-— <0, x=3):
(=5 )
J- idx: lim —dx 50lim [In(x - 2)] =50lim [In(p-2)-0]=c
3 X—2 p—oJ3 X—2 p—>o0 p—o

3. ZE diverges: f(x) :XLZ is continuous, positive, and decreasing (
n+1 X+1

f'(x)=-— ! > <0, x=>1):
(x+1)
P
I Xdex—lmj‘ XF 24y  tim [x+1+In(x+1)]] = lim p—1+|n(—er1 =0
1 X+1 poot; X+1 p—w P 2
0 n x
4. Z diverges: f(x)= is continuous, positive, and decreasing.
an? 4 Averees T=5a P g

—dx_ lim —dx_—mnm [ln(sx +2)] :—[]Ilm [ln(sp +2)—|n5]

1 3x%+2 po>oJy 3x2+2 6 poo
5. —In3+—|n4+—|n5+...:ZIn(n+2) diverges: f(x):M is continuous,
3 4 5 ~ n+2
positive, and decreasing f '(x) = —thz) <0, x>1.
(x+2)
® p 27P 2 2
J‘ In(x+2)dX= "mj‘ In(x+2)OIX= lim (In(x+2))" | _ lim (In(p+2)” (In3)" | _
1 X+2 pooJ;  X+2 p—>o0 2 p—o 2 2
1 . 1 : , "
Z— diverges: f(x)=—————— is continuous, positive, and
— (n+1)In(n+1) (x+2) In(x+1)

decreasing.



P 1 . .
L f (X)dx = ’I)ESOJ; mdx = ‘I)m[ln(ln(x +1))]1p = FI)E)Tolo[ln(ln(p+1))—In(|n 2)]=o0

0

Z% converges: f(x)= ! 5, X =2 is continuous, positive, and decreasing.
n(Inn) x(In x)

J' f(x)dx—llmJ. dx=lim[- 1 4 1 |- 1
p>o s x(In x)? ool Inp In2] In2

1
Z diverges: f(x)=—;;, X=1 is continuous, positive, and decreasing (
X

, 1
f (X):—W<0).

© p
f (x)dx = Iimj L ix= I|m[4 p3/4_ﬂ}=oo.
1 X

p—w Jq p—o0 3

9. Z diverges. f(x)= T = L X >1 is continuous, positive, and decreasing (
\f_ «/x_z w2/5

f(x)_— 4 £ <0, x>1).

.[ f (x)dx = IimJ- —dx— lim {335 p>® + §}=oo.

poo 2/5 Do 3
10. Z " converges: f(x)=e*, x>1 is continuous, positive, and decreasing (
f (x) - <0, x>1).
j f (x)dx = lim .[ e *dx = lim [—e‘p +e‘1] =e’,

p— p—0
1 1 . . "
11. E Wconverges: f(x) =w, X >1 is continuous, positive, and
— X_

15
2(3x—1)""?

o P
f (X)dx = Iimj ;mdx= lim| - 2 5+ 23/2 zﬁl
1 ooy (3x=1) poo|  3(3p-1) 3(2) 6

decreasing ( f '(x)=— 0, x>1).




—Inn In x . . - .
12. Z_Z diverges: f(x)=-—-, X=2 is continuous, positive, and decreasing (
n X

x(2|n x—1)

f(x) = <0, x>2).

p
f(x)dx— lim —dx— lim [—(In x——)}

1
13. E 21 converges: f(X)=— is continuous, positive, and decreasing.
n°+4 X*+4

dx, use x=2tan@, dx =2sec’ 6d6 =

p
—dx_ Ilmj-
1

1 X2+4 0 ety X2

X“+4

p p
lim —dx_ lim 1tan‘l X :llim tan"t| P |—tan~? Lyt Z 0157
poody X2 +4 poof 2 2 | 2 pow 2 2 | 2| 2

2 2
14. E ne™" converges: f(x)=xe* , x>1 is continuous, positive, and decreasing (
n=1

1 2 —X2
f'(x)=—(2x*-De " <0, x=>1).
o p p?2 -1
f (x)dx = IimJ. xe X dx = lim {—%#L}_e—.

1

1 p—>o0 p—o 2

15. Z SN2 diverges: f(x)= 3X+2 is continuous, positive, and decreasing.
) X(x+1)

n(n+1

p p
j 32 J 2 j{2+L}dx_I|m[2lnx+ln(x+l)]
1 x(x+1) p—>oo 1 x(x+1) p—>oo 1 Lx x+1 p—>o0

=00,



Positive term series: Comparison Tests

Answers

1.

10.

o0

1 . R el .
E ————_ converges by Comparison test using 2—3 , @ convergent p-series.
n°+n+3 ) n

1 . w1l et
Z - converges by Comparison test using Z? :ZE 5 a convergent
2 +3 n=1 n=1

n=1
geometric series.

o 3" o3 33"
Z converges by Comparison test using Z— :Z—(—] , @ convergent
n=1 5” +6 n=1 5“ n=1 55

geometric series.

o0

1 . o1 .
ZZ— converges by Comparison test using Z_Z’ a convergent p-series.
2n°“+n+5 2n

n=1 n=1
(sinn) converges by Comparison test: (sinn) < ! < iza convergent p-
— n(n+5) n(n+5) n(n+5) n
series.
i; diverges by Comparison test using i# a divergent p-series
(4k +1)¥2 (4k)v2’ '
k=1 k=1
- arctan n . arctann _7/2 1
Z 3 converges by Comparison test: 3 <3 = 3 aconvergent p-
— 2n 2n 2n n
series.
Z /n+4 diverges by Comparison test: Jn+4 > Vn+2 = 1 , a divergent
=N n+2 nJYn+2 nyn+2 n

Harmonic series.

o0

Z—5k52 2 converges by the Limit Comparison Test: lim

N—o0
k=1

2/ (5k> —4)

™ =1 and using

O 2 .
Z—S is a convergent p-series.
— 5k

Z 5 - Z > > converges by the Limit Comparison Test:
e (k+D(k +3) = k®+4k +3

2
lim 5/(k°+

N—o0

4k N
% +3) =1 and using Zk% , which is a convergent p-series.
k=1



k3 +4k% +1

3 24 6 4
11. Z k 4(;4k converges by the Limit Comparison Test: lim M = 1 and
3k® + n—o  1/3K 3

using ZF , Which is a convergent p-series.

ket
4k* +3k +9
2 AKEAOKAY
12. Z4k 3k dlverges by the Limit Comparison Test: lim 47kk2+1k1 =1 and using
n—o0

TS i e
ZW = Zﬁ , Which is a divergent Harmonic series.
k=1

k=1
) n
13. Z Jﬁ converges by the Limit Comparison Test: lim 2n° +4 _l and using
2n® +4 e 1/ 2

o 1 L .
ZW' which is a convergent p-series.

k=1

4" +5

n

14. z 445 converges by the Limit Comparison Test: lim 7"+13 =1 and using
7" +13 n—oo 4" /7"

) 0 n-1
4" 4(4 L . .
Z—n = 27 -] which is a convergent geometric series.
n=1 ! n=1
1

15. Z L with a > 0diverges by the Limit Comparison Test: imantb _ 1.5 ong
an+b n>o 1/n  a

o0
. 1 I . . .
using E —, which is a divergent Harmonic series
n
n=1



PT Series: Ratio and Root Tests for Convergence

Answers
nn
* r]n—l (I"I)' n
1. Z diverges by Comparison Test: |im " —_ =1, Ratio Test is inconclusive
— (n=1)! nso n
(n=1)!
n+1
n+1
2. Zl converges by the Ratio Test: lim SHi. 1 lim n+l = l
5" n—wo N Bnso n 5
n=1 5n
. (n+1)2 ,
1
3. Zn—converges by the Ratio Test: lim zng =l lim n+l = l
on nso N 2n->»\ N 2
n=1 2n
. (n+1)!
| n+l
4. Zn—n diverges by the Ratio Test: lim —& = 1 lim (n +1) =0,
e noo Nl € N>
n=1 eT
(n+D)!
- | 185
5. Zn— converges by the Ratio Test: lim 1H2n+1) = lim N+l :1.
— 18H1(2n-1) N—>00 n! nowl 20+ 2 2
B 1B 5(2n-1)
n+1
n+l
6. Zi converges by the Ratio Test: lim 3 _ 1 lim (n—HJ :1.
3n noo N 3 nN—o0 n 3
n=1 3n
7

= n! .
. E —- converges by the Ratio Test:
n
=1

(n+1)!

n+1 n n n
lim 0D il " oo gim( 2 =Iim( 1 Dj _1
nse Nl n—e (n+)(n+1)" no n+1 n>o( 1+1/n e

nn




n

— Py
8. n-2 4n1 converges by the Ratio Test: lim (n+H)4™ _ 1.
n
=1

Nn—>o0 n-1 4 n>w

n

n4"

n

0 n 1/n
9. Ze—n converges by the nth Root Test: lim (e_ =lim
n

n—wo| N N—o0
n=1

4n n—oo n—o0

* 2I’l—3 2[]73 Un
10. Z converges by the Root Test: Iim( - = lim
n=1

® 2 n 2
11. Z n ;1 converges by the Root Test: lim n ;1
=\ 2n° +1 n—o| { 2n° +1

x 32n 32[1 Un 32
12. 27—ndivergent by the Root Test: lim [77} =lim [_

n—o0
n=1

s} 2 n
13. Z(MJ converges by the Root Test:
n

n=1

Un
2 n 2
IimH—ln(n +1)U =|im[—'”(” +1)j=|im(1D—22n jzo.
n—o n n—o n n»>o\ N n°+1

14, Z(

n=1

1Y 1oy
—— | converges by the Root Test: lim|| ———
n? ool ln n?

S|

n

N n Un
15. Zn(g] converges by the Root Test: lim n(gj :[
n=1 3 n—oo 3

Inn 1/n_

Note: limn'"=1: y=limn"" = Iny=lim— = lim
n—o n—o0 n—o N nowo 1



Positive and Negative Terms: Alternating Series

Answers

(_1)k+1
1. Z " converges by the Alternating Series Test.
k=1

(_l)k+1
Z— converges by the Alternating Series Test.

2k +1
=1
3. Z:(—l)n LB fails both conditions of the Alternating Series Test
n+

4, Z(— E)"‘l converges by the Alternating Series Test.

( n+1
5. converges by the Alternating Series Test.
6. Z% converges by the Alternating Series Test.

n!
7. Z:(—l)k ! converges by the Alternating Series Test.
" In(n+1)
8. Z:(—l)k @ converges by the Alternating Series Test
n+

9. Z—cos nz converges by the Alternating Series Test.
10. Z( 1)“*1— converges by the Alternating Series Test.

11. Z(—l)k*l% fails the Alternating Series Test: terms do not decrease.
n+

= 5 255 5
12. For | LY =——— |S;—Slk— .
kzl( ) A RS |s3—S| 16

© k+1
13.F0r S Y, 54:5 s, —S < — .
k! 8 120

k=1



<0.05 for k=19.

<0.005 for k=199.

<0.0001 for k =9,999.



Positive and Negative Term Series: Absolute and
Conditional Convergence

Answers

n+1

1. Z(_ll)m converges conditionally
n

n=1
o0 _1n

. Z( 4) converges absolutely
n=1

2
n
N _\k+1 3k
3. (-1 - converges absolutely
k=1 2
X \k+
4. ( 12 K converges conditionally
— 2k“ +

U
M)

T

| ——

o is divergent (by nth term divergence test)

k=1
© (_l)k+1
6. ~——>— converges absolutely
k=1 k
7. Z:(—l)"+l ZL converges conditionally
= 3k +k
L (_1\npln
8. Z% converges absolutely
n=1 n
9. Z:(—l)k+1i converges absolutely
k=1

nJn

10. Z:(—l)”*lln converges absolutely
e

n=1
(2" .
11. E >— diverges (by nth term divergence test)
n
n=1

12. Z:(—l)n _n converges conditionally (Use Limit Comparison Test with Z% to
— (n+1D)vn et 1

show absolute series divergence and Alternating Series Test to show conditional
convergence.)



o0 . n C
13. iconverges absolutely (Compare absolute series with Z%)
E n

f 2
n=1 nvn®+2 n=1

- 2n? "y . . .
14. E -n" 3 1converges conditionally (Ratio test not conclusive for absolute series, try
n° +
n=1

Integral Test to show divergence)

X

15. Z:(—l)k Ink converges conditionally.
k=1



Positive and Negative Term Series: The Ratio and Root
Tests for Absolute Convergence

Answers

0

1. Z(—l)k % converges absolutely by the Ratio Test:

n=1
1 1
‘(_l)kﬂ k+1-1 s k-1 ® ®
— k
lim 27 im -2 Zjim 2~ 1 1. Note that Z(—l)ki=2— 1)
ko0 1 koo 1 kow 22 2kt 2
(_1) 2k_1 2k_]_ k=1 =]
a convergent alternating geometric series.
(_1)k+l
i k
- k+1)! I
2. Zﬂconverges absolutely by the Ratio Test: lim (k+D) = lim k! = lim 1:O<1
— k! K—>00 (_1)k koo (K+1)! koo kK
k!

['e) I s 1
(2n)! = Z:(—l)n (i—:) diverges: By the Ratio Test
=1

3. -
n=1 (_4)
2(n+1)!
) —4 n+1 ) n I )
lim (=4) 4 1 (2n+2) = lim 1(2n +2)(2n+1) =, means the series does not
n—oo (Zn)l n—w 4"* (Zn)l n—w 4

(-4)"
converge absolutely (diverges). The Alternating Series test cannot be used because the
series fails the requirement that a, > a, ;. Using the nth term divergence test shows that

I
lim @ =o0; and the series diverges.
N—o0

i n n
4, Zw is not absolutely convergent by the Ratio Test; it diverges by the nth term
n

n=1

(_1)n+1 (1.5)n+1
(n+1)*

n+1 4
Sim$ N jimis L g5s1
o (LE)) (n+D)* ke (L+1/n)

test for divergence. lim

oo |(<1)" (L.5)"
4

n




(_1)k+2
x k+1
_ +3
5. ) conditionally converges: lim = lim 2k +1 = lim 1+1/2k =1, means
— 2k +1 koo | (~)*] koo 2k+3  k>0143/2k
2k +1

( k+1

Ratio Test is inconclusive. Using the Integral Test on Z‘ shows divergence. Use of

k+1

the Alternating Series Test on z( 1 shows convergence.

o0

2
6. Z:(—l)n g—n converges absolutely:

n=1
(_1)n+1 (n +1)2
y 2t 2 (47 L 1(nel 21
nI—r>To]o 2 _n—>oo2”+1 n2 _n—>ooE n :§<1.
‘(—1)"”
2n
3n
(_1)n+1 4 n 4 4
7. lim D"y 30 im3( " j =351
n— n3n—1 n—wo 3N (n+1) n—o \ N+1
(_1) 4
n
n-1

nth term divergence test yields . = (L'Hopital’s rule applied multiple times).

n—owo N

8. Z(—l)” n—J;1 converges absolutely by the nth Root Test:
n=1 3
1/n Un
lim pf|(~ 1)n n+1 (n+1) :l<1. Note: For Iimu,
n—oo n—>oo 3 3 n—oo
limy = lim(n+1"" = lim Iny = lim MO+ i oy Ze0 o1,
n—oo n—oo n—oo n n—o 1
_N\" _1\n
9. Zinconverges absolutely: lim p Lﬂ = lim =0<1.
~[In(k +1)] = \l[In(h+1]"| o= In(n+1)

X 0| lim n*" 1
10. E ln+ |scond|t|onall convergent: lim pfi(-1)"™ =| —=>= =-=1,
- Y gent: Jim 7D n2-1 | lim(n®-)¥" | 1
nN—o0

o0

means not conclusive by Root Test. By Comparison Test for Z

n=2

_1n+1 n
-1 77

!




Zn 2_1 Z Z— Since Z diverges, so does

Series Test shows that Z( l)”+1 ) converges.

_1\n
(-1 | = lim 1 —=1, means the Root
In(2n)| " [In(2n)]

11. Z I(_(l) ) is conditionally convergent: lim n
n

n—co

Test is inconclusive
:[In(2n)] N I|m Iny = lim In(In(2n)) _lim @/ In(2n))(2/2n) _lim 1
N—o0 1 n—w N In(2n)

Nn—oo
ﬂ > Z—, and since
n=2 n

In(2n)
diverges. By the Alternating

= lim y =€’ =1= lim(In(2n))’"). By the Comparison Test E
nN—o0
n=2

D"

In(2n)

0
1. . . .

E —is a Harmonic series and diverges, then E
n

n=2 n=

s n
Series Test, Z )
e In(2n)

2 (3Y (4Y nel )
. ——(—j +(—j (—J M= E )"t converges absolutely by
1.3 (24 3.5 4.6 1.3+1. 1(n 1)

converges.

. n+1 1
=lim| ———— |[=—«1
n->o| 1.3+1.1(n-1) ) 1.1

the nth Root Test: lim nfl(-1)"™* _ o+l
o 1.3+1.1(n-1)

© 2n

13. Z:(—l)n ( 4nn+ le converges absolutely:

n=1

2n 2 2
lim (—1)”(4“2) Iim(4n+2j _Iim(4+2/nj =(ij <1
n—w 19n-1 n—o\ 19n -1 n>»\19-1/n 19
o 2 4\ 2 _1\" 2 _
14. Z(—l)“ nz L1 diverges : fim of[(-1)" n2 L) = tim n2 : =1, means the Root
n“+1 N—>o0 n“+1 n—o| N +1

n=1
Test is inconclusive. The conditions for the Alternating Series Test are not satisfied. The nth

2 4\ Y n
Term Divergence Test shows Iim(n2 ﬂ =1>0 which means Z( 1" ( ﬂ
n? +

n—owo| N~ 4+

diverges.



9] n n
15. Z(Mj converges absolutely by the Root Test:
n
n=1

(-D"Inn

n
] - “m(ln_n): |im(1/_”):o
n n—o n nowo\ 1

limn

N—o0



Summary of Convergence Tests

Answers

1. Ziz diverges: f(x) :iz is continuous, positive, and decreasing (
n —

n=3
5
f'(xX)=-— <0, x=3):
()= )
J-idx:lim —dx 50lim [In(x - 2)] =50lim[In(p—2)—-0] =
3 X—2 p—oJ3 X—2 p—>o0 p—o

—Inn In x . . - .
2. E —,-diverges: f(X)=—-, Xx=2 is continuous, positive, and decreasing (
n X

X(2Inx-1)
4

f'(x)=- <0, x>2).

o p
f (X)dx = lim I—dx— lim [—(In x——)}

o 1 . el .
3. ZZ— converges by Comparison test using E — , @ convergent p-series.
2n“+n+5 — 21

k®+4k? +1
° +4k? a6 o
4. E Krdk+l 4(;4k converges by the Limit Comparison Test: lim M 1 and using
— 3k® +2k* oo 1/3k 3
1 o _
k_ , Which is a convergent p-series.

k=1

= n!
5. Z—n converges by the Ratio Test:
n

(n+1)!

n+1 n n
lim 0D imfns— )< tim (—j :Iim( 1 D] _1
noeo M n—>o0 (n+)(n+1)" n—o N+1 n>o\1+1/n e

nn




0 n n 1/n
6. E n(gJ converges by the Root Test: lim n(gj =(g) lim n¥" = 2
— 3 n—oo 3 3 Jnow 3

Note: limnY"=1: y=Ilimn'"=Iny= lim 1NN _ Iimll—n=0:>y=e°=1

Nn—>o n—o0 n—o N noo 1

- (=2)"n :
7. Z( n)+ converges absolutely by the Root or Ratio Test:
n=1

7 1
(=2)"(n+1)

(2)"n n'" 2 72 7 ong1| 2
limp =lim =—<1; lim = lim —|==<1
N> 7n+1 N—sc0 7(1+1/n) 7 X300 (—2)”n X_>w|:7n+2 2n n :| 7

7n+1

i 4
8. Z(—l)n fng—+: is absolutely convergent by the Limit Comparison Test using
n°—3n
=1

0 4 o0
n 1 .
— = ) — (convergent p-series).
n n

n=1 n=1

o0 _1 n
0. Z () is conditionally convergent: absolute divergence is shown using Limit
n=2

— /n? -1

. oNO'1 o . .
Comparison Test with E —, and the series is convergent by the Alternating Series Test.
n
n=2

cosn
n3

1
< E — (convergent
n

n=1

S cosn . N

10. E 5 Is absolutely convergent by Comparison Test: E
n

=1 n=1

p-series)

o (-1)"
11.

p<1, and is an Alternating Series that is convergent.

is conditionally convergent: absolutely diverges because becomes a p-series with

v sinn . . . 1
12. E —,— absolutely converges by Comparison Test with p-series E —
n n
n=1 n=1



~——is conditionally convergent: Absolutely diverges by Comparison test

o0

—> 1 (Harmonic series), and converges by Alternating Series Test.
n
=2

n=

~————diverges by the Ratio or Root Tests.

(-)"n!

3!’1

diverges by the Root Test.



Power Series: Introduction and Convergence

Answers

1. an” converges by the Ratio Test if |x| <1 and diverges if |x|>1; R, =1, and the
n=1
interval of convergence is (-1, 1), and does not include either endpoint.

2. an(” diverges by the Ratio Test for all [X|>0; R, =0
n=1

2 n
3. ZX— converges by the Ratio Test if [x| <1 and diverges if [x|>1; R, =1, and the
n

n=1
interval of convergence is [-1, 1), and includes x=-1 but not x=1
d n/3
4, Z - converges by the Ratio Test for all x; R, =0
n!
n=1

5. Z\/ﬁ(x—xo)” converges by the Ratio Test if [x—Xo| <1 and diverges if [x—X,|>1; R, =1
n=1
, and the interval of convergence is (—1+X,, 1+ X;), and does not include either endpoint.

o0 o0
6. E anxn converges at X =5 means it converges for |X| <5; E anxn diverges at
n=0 n=0

x =—7 it diverges for |X| > 7. Therefore

0

a. E a, converges because X =1 is in the interval of convergence.
n=0
* n « . .

b. E a,3" converges because x =3 is in the interval of convergence.
n=0
® n . . - - .

C. E a,(-8)" diverges because x=-8 is in the divergence region.
n=0
® n - . . . -

d. E a,9" diverges because x =9 is in the divergence region.
n=0

o0
e. E a,6" convergence or divergence is not clear since x =6 is not in defined regions.
n=0

0

n
7. ZM converges by the Ratio Test for x+4

n+1

<1 and diverges for X+4 >1, R, =5,

n=0
and the interval of convergence is (-9, 1), with divergence at both endpoints.



8.

10.

11.

12.

13.

14.

15.

23” (x—2)" converges by the Ratio Test for [3(x—2)| <1 and diverges for [3(x—2)|>1;
n=1
R, :% , and the interval of convergence is (g, %) , with divergence at both endpoints.

Z:(x+4)n converges by the Ratio or Root Test for |x+4| <1 and diverges for |x+4|>1;
n=1
R. =1, and the interval of convergence is (-5, —3), with divergence at both endpoints.

1 n

Z nx diverges by the Ratio Test for any |x| >0 and converges only at its center x=0;

n
n=0

R.=0.
nZ
n=0

interval of convergence is [—%, %] , includes both endpoints.

converges by the Ratio Test if 2|X| <1 and diverges if 2|x|>1; R :% , and the

* n

Z Z )2( 3converges by the Ratio Test if |x| <1 and diverges if [x|>1; R, =1, and the
n° +

n=0

interval of convergence is [-1, 1], includes both endpoints.

n.,2n
Z X3 converges by the Ratio Test if ‘4x2‘ <1=x <% and diverges if |x| > %; R ==
n+
n=0

, and the interval of convergence is [—%, %); series converges at the left endpoint and

diverges at the right.

o0

n _ n
Z—S (X4n3) converges absolutely by the Ratio Test if E(x—3)
n

<1:>‘(x—3)‘<g and

n=1

diverges if E(x—?,) >1; R, =g , and the interval of convergence is [%1, %) , which only

includes the endpoint at x =1§1

0

2n
Z—n(x+1) converges absolutely by the Ratio Test for

7n

(x+1)?

<1=|x+1 <7 ;

n=0
R. = \/7 , and the interval of convergence is (—\ﬁ -1, \ﬁ —1) ; series diverges at
endpoints.



Power Series: Function Representation and Operations

Answers
1. f(x):1 12 > in domain (—%%) Z“Z”X2n =Z:(2x2)n is a geometric series that
-2x
n=0 n=0
converges if ‘ZXZ‘ <1, R, = %
X X x X S x ), |x
2 == |5 >3 =Z 2| for |X<1, R =2
2—-x 2 1-x/ 2 2 2 2
n=0
3. %zi(ij:i Zx” =1+2x+3x2+4x3+DHD:Z(n+l)x”;or
@-x)= dx\1-x/) dx
n=0 n=0
1 1 ? N n N n 2 3 N n
7= 1x) = X Zx =1+2X+3X° +4x +DHD:Z(n+1)x , for x| <1,
(1_X) n=0 n=0 n=0
R, =1.
2 2 o0 o0
T Zj_%iznmﬂ)xm}_zwxm
(1-x) X\ 2(1-x) — m—y
3
a1 _Xz[ XnJ B L LI ol LS S
3 3
-x° " @-» - & 2 = 2

2x 3 . IX 1|, a2 0] 1
5. (1x)3+(1x)42){ n(n+1)x J+3X de(l X)3}

={22n(n+1)x ]+3x2 Z.O:(n 1)n(n+1)x } in(nﬂ)zx”

n=1 n=; n=1L
n+l

6. —tax _1zx, 1 12X ] 4352() x2™, with IXI<—‘/;_4

7-2x> 7 @-2x317) 7

2X ( 1)[1 2(n+1)
= In(l+x Sax = | 2x -~
d+ ) J‘ .[ Z Z n+1
domain (-1 1), R, =1.

( 1)n 2n+l ( 1)n 2n+1 © ( 1)n 2n+2
8. tan‘x= = JAtan_1 xdx = j 4dx = ; interval
2n+1 2n+1 -y (2n+2)(2n+1)

7. iIn(1+ x2) =
dx

of convergence (domain) (-1,1), R, =1



d S 2x+1 n 1\ 3
9. —In(l+x+x?)= = In(L+ x+ x? 2 —~ | x+=| , R == andthe
dx ( )= 1+ x+x2 ( )= Z [ j n+2( 2) 4

i 51
interval of convergence of v

241 [ 2(x+1/2) [ ®/3)(x+1/2) 1
.[1+x+x2dx_ (x+1/2)2+3/4dx_ 1+ (4/3)(x+1/ 2)? JZZ( (x+ )j o

10. Ixzexdx:sz [Z);—:]dx{no xzj.);—:dx]—[nzol (n+1)n'} (n+1)nl , R =

00 00 0 n
11. _ Zr”xn Zs”xn :chx” , Where ¢, :Z:rks”—k and radius of
(L-rx)(d—-sx) e

n=0 n=0 k=0
11
convergence R, =min(=,=)
rs
a. r#s,r>0s>0;, —— E E rksn-k |x"
@a- rx)(l sx) =

0 n
ZLZrks”k ]x” =1+ (r+8)X+ (S +rs+r2)x% +(s3 +rs? + r’s+r)x3 11
n=0

k=0

[N

b. r=s,r>0,s>0: ;=Z(n+l)r”x” , WithR_ = 1
@—rx)(1—sx) — r



Introduction to Taylor and Maclaurin Series

Answers

2n+1 X3 X5 X7

=X——+
(2n+1)! 31 51 7l

1. see Table in the concept: sinx = Z( )"

2n+1
(2x) _ @)

(2%)° , (29°_ (2%’

2. f(x)=sin2x=M(x)= Z( 1" n+1)! 31 51 71

3 5 7

3. tanx=M(x)= x+2?+165—+2727—+DHE:x+1x +£x +£x -+

3 15 315

2 3 4
4. T(x)=1+2 x—2 +i x—2 +2 x—2 +§ x—2Z | 41
4) 2! 4 3! 4 41 4

5. F(X) =1t x=M(x)= 1+;x+[—ix—+§x——ix— j 142 x+Z( 1)“(

42! 83! 16 4!

112 12 312 512
6. 4/(1+x+x2)=(%] +(gj M+3(%J M+45(%}

2! 41

7. cos? Xx=M(x) ==+ + M:Lr S (D" (20"

2" 24 @) 2 & 2(2n)!

8. eix =xe ¥ =M(x) = X:Z;(%)n :X:Z; (—1r)]"! Z( D"x

9. eCOSX — M (X) — i (COS X)n
e n!

n n+1

2 3
10. (1+X)* =M (x) =1+ ax+a(a—1)%+a(a—1)(a—2)%+ﬂ]]]]

2 n
11. In(3+9x):M(x):In3+3x—% %—GL (=)™ X n> 2
! n

I

6!

2
(x+1/2°



1 2n+1 2n
12, lim SR Z( o (kx) Z( gy Kk
x=>0 X x—>0 kx ]_)I (2n +1)|
(x-7)? (x-2)° (x=2)° (x-")°
13. e X cosx=—e "2 (x— D)4 2e2 2" _pgm2 27 | genl? 2" _gorl2 2
21 3! 51 6!
T T
_5)7 (X_E)S
+8e 772 - +016e "2 +Im

LN\ [y 7N+
14. For f(x)= Z% , £®(7) occurs at n=5. Therefore
n=1 )

(07X 6D oqy 8
6! 5! 51

n-1 n

e -1 1 = X" 1| X" = X al
15. dx=1-|-1 —dx=1|= — dx= dx = C
.[ X J‘x{ +Zn!} jx[;n!] .[[Z n!} nzl:n[h!Jr

(Rc:OO)



Taylor and Maclaurin Polynomials: Series Truncation Error

Answers

1. f(x):ﬁz1+%(x—l)—%(x—1)2

2 X3

2. f(X)=e™ ~143x+9 272
21 '

_ _ _1\4
3. F(0=naxe (x_1)_ XD, D7 (x=0)

2 3 4
4, f(x)=1+x+x2+x3+x4 ~1-2(x-1)+4(x-1)? -3(x-1)° + (x-1)*
4 43 48, 48 5 438° , 4B

—_—— — — p—

3x7 7 207 74 750

(2.1 (2)(\B 2V (1 , (2 (B .
6. f(x)_cos(ng~E—(§)(7J(x—ﬁ/2)—(§J (Ej(x—ﬂIZ) J{g) (7 (X—m/2)” I

2n 2"+1 2n+1
Z{( " (3} (oml2™ )MIU x—712) }
(2n)! 2 3 (2n+1)!

n=0

5. f(x)=

Y _1\3
7. a. h(x)=3-2(x—5)+7% ?) —3("3?)
_ 2 _ 3
b. h(4.8)z3—2(—0.2)+7( %2) _3{ %‘IZ) =3.544
2
8. 100 =vIrx ~1ox+ 22 vith R, |—105|1 09|9/2£—4.39><10_7
8 128
5 Xn
9. e~ ZF = 2.71666 is the 5™ degree Taylor polynomial centered at x, =0
n=0
(6)
IR, (O H R @ iz € 1P 000377
(n+1)! 6!
Calculator value is 2.71828; 2.71828—-2.71666 = 0.00162 < 0.00377
(n) 73
10. |R|—f @ ras & @/ <10® =n=4, R,|=0.00043
n+1)! (n+1)!
(n) 73
11. |R|_f @ pas & (12 <10° =n=7, IR,[=1.6x10""

n+1)! (n+1)!

f(n (2) 1_ e’ 1 6 7
12. |R, |_ |X|"=——(2)"" <10° = n=14, |R |=1.85x10"TBS
n+1)! (n+1)! i



13. Estimate value of sin(2radians) using a 5" degree Taylor polynomial:
(x—712)? N (x—rz12)*
2! 41
IR,|=8.653%x107° . |sin(2)—0.90930608| =8.653x10~° < R,

a. Centered at % s sinx~1— : sin2 ~0.90930608,

3 5
b. Centered at 0: sinx = X —% +% ; sin2~0.933333333, |R,|=1.27x1072

|sin(2) —0.933333333 = 2.40x10° <R, .

¥ x X

14, f(x)=e®M a1oxs XX
21 31 41

_ f(n) (Z) | X |n+1_ 2n+1

| ”|_(n D) o 1)|£10‘2:>n=7, R,|=6.35x10"°
+1)! +1)!



Taylor Series Calculations: Choosing Centers

Answers

1. With center at x, =4: Jx ~T,(X)= 2+%(x—4) =41~ 2+% (41-4)= 2+% = 2.025.
Calculator value: /4.1 =2.024845673; error magnitude is 1.54x107*
V0.1~ 2+%(0.1—4) = Z—i—g =1.025 is a very poor estimate of /0.1 =0.316227766...

The center of X, =4 is not close enough to 0.1; the alternative is to use a higher degree

polynomial. -
2. In(0.9)=In [1+ (—0.1)] ~0.1053 = M4(-0.1) ; Calculator value: In(0.9) =-0.105360516

(-0.0)*

n+2

X > <5x107; |R2(—O.1)|=‘ =25x10"°

|Rn (X)| =

IR WOS—*)

3. With center at x, = Z sin(0.8) = T,(0.8) =0.717356 = (O S_Z - 5 )
Maclaurin polynomial is easier to compute, but takes more terms for the same result.

X x> X

sin(0.8) = M, (0.8) =0.717356 = X——+———
31 51 71

_ 3
4. With center at x, =27, sin(6) ~T,(6) = (x—27) — (x Z'ﬂ)

=-0.2832+0.0038=-0.2794 ;
Calculator value: sin(6) =—0.279415498. Note: sin(6) =sin(6—27) ~ M,(6—27) =T,(6)

1 1 10°° 1
5 == = ~M,(0.1) =0.0013715 ; Calculator value: 7 =0.001371742.

9 (10-1)°® (1-1/10)®
1 dy[ 1 ] 100 eon(-n( 1) (n+2)(n+1)( ]
(1—x)3_dx2{2(1—x)} (1—1/10)3_lO nz; 2 (10} =10 Z 10

10-9

-3.16;

6. With center at x, =9, n=1, «/;le(x):3+é(x—9):>x/l_Oz3+

2
1 (10-9) 1
49¥2 21 | 216

=0.00462963 < 0.005;

|R,(10)| <

Calculator value: \E =3.16227766

7. A Maclaurin polynomial for JX cannot be used to estimate the value of /0.9 because
derivatives at X, =0 are not defined. The value can be estimated by using either a

Maclaurin polynomial for a related function which has defined derivatives at x, =0, e.g.
f (x) =+/1+ X , or a Taylor polynomial for \/; centered at x, =1



8.

10.

11.

12.

Calculator value: /99 =9.949874371
With center at X, =100:
X =T, (x) =10+2—10(x—100) — /99 ~10-0.05=9.95; error of 1.26x107*
1 1 (x—100)? 1 1
X ~T,(x)=10+—(x—-100) — =499 #10———-———=9.949875; error
VKT (0 20( ) 4000 2! Voo 20 8000
of 6.29x107
3 (99-100)* 5

|R2(99)|£‘— S0 3l |=6.41><10 :

* Xn+1 X2 X3 X4
Inl—x) = Z(—l) = —X————— — +[IIJ with the convergence interval [-1, 1);

L’ T n+l 2 3 4

using X =-—4 is outside the interval of convergence and produces a divergent series.

XN
. X . -
With center x, =0:e" = E 5 for all x. 5 decimal places means error <5x107°
n!
n=0

| | 2 | 3 | 4
e’o'zz0.81873:M4(—0.2):1+( 02) , (027 (0.2 (=0.2)
1 21 3! 41

Calculator value: e*? =0.818730753; |R,(-0.2)| =2.7x10°°

2n

X
(2n)!

Center at x, =0; The Taylor polynomial cos(x) = Z(—l)n is an alternating series.
n=0

2(n+1)
X
(_1) n+1

= <10 =n=3
(2n+2)!

The error is less than the next term:

Calculator value: cos(0.01) =0.99995

X2n
(2n)!

3
0s(0.01) * M (0.01) = Y (-1)" Note M, (0.01) =0.99995
6 2
n=0

Because the Taylor center at x, = % ~0.785 is closer to 0.8 than the Maclaurin center

X, =0, the two-term Taylor polynomial approximation should give a more accurate estimate

of tan(0.8) . Calculator value: tan(0.8) =1.029638557
tan(x) = T,(X) =1+ 2(x—%) = tan(0.8) =1+ 2(0.8—%) =1.0292 ; error magnitude
~4.4x107" |

3 3
tan(x) = M5(x) = x+ 2% = tan(0.8) ~ 0.8+ 2% =0.9707 ; error magnitude ~5.9x1072



13. With center at x, = E (close to 1.1):

( 1) \/‘ 0 (—l)n T 2n+1
Snx= Z 2(2n)'( 3) +;m[x‘§j

sin(1.1) = T3 (1.1) =0.86481823+0.02638773 ~ 0.8912
Calculator value: sin(1.1) =0.89120736



Calculations with series: Binomial fractional powers,
integrals, and differential equations

Answers
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where v=(x+5j , and
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12n+1 x2 B 2n+1

6. Je dx ~ My (1) = Z(Zn i 1462652, Je dx_j[ > ]d _Z(2n+l)nl

|R|_ﬂ<5x10—7:>n—8| |=1.45%x10""

" @n+3)n1 T ~ SRl =t

L (X )2n+1 xAn+3
7. Ismx dxj(z( b’ J Z( 4 (4n+3)(2n+1)

1
2n+1 2n+1

8. Iamtanx IL Z( " de ZI( D" < dx—[2< Y ans 1)}

Larctan x n 1

I, dX‘;(_l) @n+17
9.

2 3 4
_ % 2 8 3 x X X x
_a0+a0x+2 T +DDD=a0[1+x+2 +3!+4'+EHJD} A€

2 3 4
10. y=a,+a,(-3x)+ % (—3x)% + % (-3x)° +II= a, [l+ (—3x) + (—?29'() + (—1;() + (—?I() +[ﬂj]]j =a,e

1, y= a0[1+ (x2)+ (x%)? N (x?)° N (x)* +HHDJ: aoex2

2! 3! 41
3 3 3
, (—5 DR 2X2)3 (_§X2)4 3212
12. y=a,| 1+ (—=x) + T + 3 4 +HII | =aye



